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Title
Teaching mathematical proof at secondary school: An exploration of pre-service teachers’
situative beliefs.
Abstract
Despite the recognized importance of mathematical proof in secondary education, there is a
limited but growing body of literature indicating how preservice secondary mathematics teachers
(PSMTs) view proof and the teaching of proof. The purpose of this survey research was to
explore PSMTs’ knowledge and beliefs about proof and proof teaching in the context of
secondary mathematics teaching and learning. Six cases (PSMTs’ survey responses) were
purposively selected from an entire data set comprising participants from the United States and
Australia. Using a situative learning perspective as the theoretical framework, the authors
developed a sensible belief system (Leatham, 2006) for sampled PSMTs and inductively
conceptualized how their knowledge of and orientations toward proof acted as a function of their
teaching and learning contexts. Furthermore, an analysis of data revealed that PSMTs’
knowledge and beliefs about proof are multifaceted, dynamic and evolving as they engage with
proof in their various contexts.
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Mathematical content knowledge, Proof, proof education, secondary mathematics education,
situative beliefs
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Introduction
Teachers’ mathematical understandings of what constitutes an acceptable mathematical
argument impact the feedback and opportunities teachers provide for students to participate in
proof-related practices (Bieda, 2010). In order to develop students’ understandings of
mathematical argumentation and proof, teachers need sufficient content and pedagogical
knowledge of proof, as well as productive dispositions toward teaching proof. These demands on
teachers are particularly salient in light of the Common Core State Standards for Mathematics
(CCSSM) in the United States (see Standard for Mathematical Practice 3) (CCSSI, 2010), and
the Australian Curriculum: Mathematics (ACM) in Australia (see Mathematical Proficiency –
Reasoning) (ACARA, 2019).
The purpose of this study was to investigate pre-service secondary mathematics teachers’
(PSMTs’) knowledge and beliefs about proof and proof instruction. In their responses to an
online survey, PSMTs outlined various mathematical and pedagogical aspects of proof,
including: characteristics of proof, reasons for teaching, and imposed constraints. Additionally,
PSMTs attended to different, yet overlapping, features of proof when asked to determine the
extent to which proposed arguments constituted proofs or to decide which argument they might
present to students. As a consequence of these responses, the researchers were able to explore
how PSMTs’ knowledge of and orientations toward proof acted as a function of their teaching
and learning contexts.
Theoretical Perspectives
First and foremost, we acknowledge that students do not enter university education
programs as blank slates. Rather, these prospective teachers have attained a certain degree of
knowledge about proof (e.g., how to construct a proof) and created what for them constitutes a
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sensible system of beliefs (Leatham, 2006) about the role of proof in mathematics teaching and
learning based on their experiences across a variety of contexts. This view, consistent with
situated perspectives on learning, recognizes the construction of knowledge and beliefs as both
an individual and social endeavour.
Situative Perspectives on Beliefs
To make sense of PSMTs’ purported beliefs about proof and proof teaching we draw on
Green’s (1971) dimensions of belief structures as well as more recent theoretical work (e.g.,
Cross Francis, Rapaki, & Eker, 2015) that calls into question claims about inconsistencies in, or
the stability of, beliefs. Central to our operationalization of beliefs is the notion that beliefs are
held in clusters that are more or less isolated depending on the context in which they developed
and the extent to which beliefs have an evidentiary basis (Green, 1971). The strength or
centrality of beliefs are also context-dependent, wherein beliefs that are psychologically central
in one context may not be central in another context. The context-dependency of beliefs is also
evident in Hoyle’s (1992) explication of beliefs-in-practice as products of activity, context, and
culture. From this situative view of beliefs, apparent inconsistencies or contradictions can be
explained in terms of contextual affordances and constraints and are indicative of the ‘relative
distance’ from a particular situation or activity. Put more simply, teacher beliefs are constructed
differently in different settings. Thus it seems natural to expect that different facets of PSMTs’
beliefs about proof would come to the fore across the different activities posed in the survey (i.e.,
stating the required elements of proof versus making decisions about whether a given argument
constitutes a proof or which argument to present to a group of students).
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Situative Perspectives on Teacher Knowledge
In similar fashion, we view teacher knowledge as a complex system that is situated in
time, place, and other factors (Scheiner et al., 2015). From a situative perspective, professional
knowledge is viewed as a dynamic construct that is developed in context and is highly contingent
upon the environment in which the teacher interacts (Putnam & Borko, 2000). Specific to our
study, we consider the ways in which mathematical and pedagogical aspects of teachers’
knowledge of proof have developed across a multitude of experiences as mathematics students
and prospective teachers.
Consistent with this situative perspective, various frameworks have been developed to
categorize teachers’ knowledge of proof (e.g., Author, 2016; Schwarz et. al., 2008; Steele &
Rogers, 2012). Each of these frameworks, in its own way, makes important distinctions between
subject matter knowledge that one would expect students of mathematics to demonstrate and
mathematical or pedagogical understandings needed to teach proof. In particular, Author’s
(2016) Mathematical Knowledge for Teaching Proof (MKT-P) framework delineates aspects of
common content knowledge and specialized content knowledge wherein the later captures
knowledge of proof that might be developed, or evoked, only in teaching situations (e.g.,
knowing multiple visual and symbolic ways to represent a proof). This MKT-P framework
provided an analytic lens for our earlier analysis of the broader data set (Authors, 2019).
Literature review
The survey employed in this study was designed to elicit PSMTs’ knowledge and beliefs
about proof and teaching proof. In this section we first summarize key empirical findings
specific to prospective teachers’ knowledge and beliefs about proof. We then briefly review
literature related to proof instruction at the university level. This research highlights the
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importance of attending to multiple aspects of teacher knowledge of proof and provides a context
for interpreting the situated knowledge and beliefs about proof held by the PSMTs in our study.
Proof Knowledge and Beliefs of Preservice Secondary Teachers
Given our study context, we focus our review on studies specific to prospective rather
than practicing secondary teachers. That said, we recognize that researchers use similar methods
(e.g., interviews and survey in which teachers are asked to construct proofs, evaluate written
arguments, or elaborate on the roles of proof) and often seek to make comparisons between the
two populations.
For example, Conner and colleagues (2011) explored the beliefs of six PSMTs before and
after a two-semester sequence of courses. Despite a shift toward more student-centered beliefs
about teaching in general, PSMTs’ beliefs about mathematics and proof appeared to be relatively
stable. Consistent with Knuth’s (2002) study of practicing teachers, PSMTs identified a variety
of roles of proof (e.g., to verify, explain, and communicate) but omitted the discovery role of
proof. PSMTs also agreed proof should play a role in secondary education – albeit sometimes as
a separate topic. In a more direct comparison, Steele and Rogers (2012) contrasted the proving
activity of an experienced teacher with that of a novice teacher in his final semester of student
teaching. Both teachers illustrated robust knowledge of proof, including knowledge of a variety
of methods, representations, and roles of proof during interviews, yet they enacted very different
lessons. While the experienced teacher was able to integrate multiple roles of proof in her lesson,
the novice teacher presented a more canonical view of proof as a pre-determined sequence of
accepted statements.
In general, studies of PSMTs’ proof understanding reveal positive attributes of PSMTs’
knowledge of proof (e.g., ability to define proof and identify invalid inductive arguments), but
raise questions about PSMTs’ knowledge and beliefs specific to mathematical knowledge for
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teaching. In particular, the research shows that PSMTs often lack a deep understanding of proof
structure and have difficulty determining validity of proofs that employ alternate modes of
representation and argumentation (Bleiler, Thompson, & Krajčevski, 2014; Karunakaran,
Freeburn, Konuk & Arbaugh, 2014; Lesseig et al., 2019). For example, in Bleiler and colleagues’
(2014) study, PSMTs’ proof validations indicated that they understood that proofs must be
general, logical, and based on accepted definitions. However, PSMTs were more successful
identifying errors in symbolic arguments versus those presented verbally and had difficulty
evaluating an argument purported to be a proof by contradiction.
These studies, together with other research on teacher knowledge and beliefs about proof,
highlight the importance of considering both mathematical and pedagogical understandings of
proof and the extent to which these components are integrated. For example, Schwartz and
colleagues (2008) comparative case study of future teachers in Australia, Germany, and Hong
Kong revealed the strengths of the Hong Kong future teachers in mathematical knowledge of
proof, while determining that German future teachers demonstrated stronger connections
between mathematical and pedagogical knowledge of proof. These connections were most
evident in PSMTs’ reflections on the advantages and disadvantages of preformal proof and their
affinity for including proof in secondary classrooms.
Finally, though not specific to prospective teachers, we make note of Kotelawala’s (2016)
study of 78 practicing US teachers as the results shed light on university experiences that might
influence teachers’ proof beliefs and practices. Kotelawala found that the number of college
mathematics courses taken, the extent of student participation in proving within mathematics
education courses, and past anxiety in relation to proof all had significant influence on teachers’
beliefs about the importance of proof and the emphasis teachers placed on proof versus
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developing procedures in their classes. Perhaps understandably, teachers who experienced high
anxiety or struggle in proof exercises and who played a less active role in the development of
proofs as university students were less likely to prioritize proof in their own classrooms. The
number of college mathematics courses, however, played a reverse role, with teachers who had a
more extensive math background reporting less emphasis on proving in their teaching. Given the
potential lasting influence, we next review what is known about mathematics instruction at the
university level.
Proof Instruction at the University Level
Majoring in mathematics does not guarantee that teachers are equipped with adequate
subject knowledge for teaching (Jones, 2000; Stylianou, Blanton, & Rotou, 2015). Indeed,
university students’ difficulties with proof have often been blamed on the traditional approach to
proof teaching typically employed at the university level (Dreyfus, 1999; Weber, 2004).
Generally, undergraduate students spend considerably more time passively taking notes as
professors present completed proofs, than writing proofs on their own. Rote learning of proof,
perpetuated by this approach, may contribute to students’ tendency to memorize definitions and
unwillingness to question the logic of proof (Güler, 2016). This practice also robs students of
opportunities to make sense of ideas underlying the proof and to explore alternative modes of
proof representation or argumentation. Finally, the more precise and concise presentation of
proof in university textbooks and lectures may inadvertently lead prospective teachers to believe
that proof must be constructed using a rigid, top-down approach (Selden, 2011).
Relatedly, Almeida’s (2000) study of the relationship between undergraduates’ proof
experiences and subsequent perceptions of proof revealed that the majority of students agreed
with statements such as, “there is no point in doing proofs as all the results in the course have
already been proven by mathematicians” (p. 871). As a result, although students saw proof as an
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essential component of pure mathematics, the majority considered proof an external activity,
rather than a means to communicate or develop personal insights. These results resonate with
research demonstrating that university mathematics courses rarely, if ever, emphasize the
importance of, or multi-faceted roles of, proof in learning mathematics (Stylianou et al., 2015).

Research Questions
Two interrelated research questions guided this study:
1. What are PSMTs’ expressed beliefs about the purpose of proof in mathematics and in
mathematics teaching and learning?
2. To what extent are PSMTs’ views of proof consistent with their proof evaluations and
pedagogical choices surrounding proof?
Responses to these questions provided insight into the situated knowledge and beliefs PSMTs
held surrounding proof and across mathematical and pedagogical settings.
Methodology
To investigate these questions, we drew on survey data from a previous study which
investigated how PSMTs in Australia, the US, and Korea perceived the purpose of proof and
features to which they attended when evaluating proofs in the context of secondary mathematics
teaching and learning (Lesseig, Hine, Na, & Boardman, 2019). For this paper, an instrumental
case study was used as the orchestrating perspective. According to Stake (2007), instrumental
case studies are chiefly used when particular cases are examined to provide insight into an issue
or redraw a generalisation. As such, the cases themselves are of secondary interest and play a
supportive role to some larger external issue being examined. On this point Stake (2007) noted
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that the case is “still looked at in depth, its contexts scrutinised and its ordinary activities
detailed, but all because this helps us pursue the external interest” (p. 445). This research
focussed on understanding at depth PSMTs’ conceptions of proof and teaching proof, which
comprised both underlying knowledge (e.g. what constitutes mathematical proof) and beliefs
(e.g. the role of proof in mathematics, student-learning goals for secondary mathematics, the role
of the teacher in achieving these goals). Results for the full study revealed that PSMTs were able
to outline various mathematical and pedagogical aspects of proof, including purposes,
characteristics, reasons for teaching and imposed constraints (Lesseig et al., 2019). In addition,
PSMTs attended to differing, though overlapping, features of proof when asked to determine the
extent to which proposed arguments constituted proofs or to decide which arguments they might
present to students (Lesseig et al., 2019).
Participants
Thirty-four students enrolled in mathematics teacher education programs in the US (11),
Australia (11), or Korea (12) completed the original survey. From the complete sample of
participant responses, the researchers elected to analyse a smaller number of responses based on
four criteria. These criteria were: (i) the participants had answered all questions in Parts I and II;
(ii) participants expressed a variety of interpretations of proof regarding their own expressed
mathematical and pedagogical knowledge of proof; (iii) participants provided a ‘balance’ of
argument evaluations, and (iv) participants were selected from Australia and the United States.
For this final point, the Australian and United States’ contexts were deemed appropriate for two
reasons: first, the topic of proof (the content central to the survey instrument) is taught to similaraged students in both Australia and the United States; and second, the teacher education
programs at the researchers’ universities have similar structures and goals. According to these
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criteria, the researchers identified and selected a total of six participants (3 each from Australia
and the United States), who effectively constituted six cases.
The PSMTs from Australia were all enrolled at the university at which the second author
teaches. At this university, PSMTs have three options for secondary mathematics teacher
preparation. One option is for students to receive a Bachelor’s Degree in Secondary Education
(BEd), where PSMTs graduate with 32 weeks of practicum experience spread out over their four
years in the program. Students in this program take 8 mathematics content courses, one of which
prominently features proof. The second option, which is to receive a Master of Teaching in
Secondary Education (MTeach), is a two-year program with 20 weeks of practicum experience.
The third option, which is to receive a Graduate Diploma of Secondary Education (GDE),
includes students who enter this one-year program with an undergraduate degree in a related
content field. Students in both graduate level programs are required to have taken eight
mathematics content courses (for a major in mathematics education), or four mathematics
content courses (for a minor). For all three options, students are required to complete one
secondary mathematics methods course, which focuses on best practice approaches for
curriculum planning, pedagogy, and assessment. It was during this course that second-year BEd
students, first-year MTeach students, and GDE students were invited to complete the survey
instrument. All three Australian participants for this case study were completing a GDE
qualification.
The PSMTs from the US were split amongst five different universities. Students earning
a Bachelor’s Degree at these universities have the option to major in mathematics education or in
mathematics with either a concentration in teaching or additional licensure. Alternatively,
students may pursue a Master’s Degree in Education with a teaching option. Given the variety of
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programs and available pathways, the number of practicum hours and student teaching
experiences range from none to a full year. All three US participants for this case study were
from three different universities. All PSMTs in our study had taken at least three college level
mathematics courses, with the majority of PSMTs having taken 10 or more college level
mathematics courses (see Table 1).
Name

Country
US
US

Years in Teacher
Preparation Program
1-2 semesters
3-4 semesters

Number of College
Mathematics Courses
3
10

Quinn
Walter
Rose

US

3-4 semesters

10+

Helen
Isaac
Kyle

AUS
AUS
AUS

1-2 semesters
1-2 semesters
1-2 semesters

6
10+
10+

Number of Proof-Focused
Courses
none
1 - Fundamentals of
Mathematics
2 - Introduction to
Combinatorics & Graph Theory
none
none
none

Table 1
Demographic details of preservice teacher participants
Survey Instrument Construction
The survey instrument was developed based on proof literature detailing essential
elements of proof and proof instruction (e.g., Ellis, Bieda, & Knuth, 2012; NCTM, 2009) and
drew heavily on Knuth’s (2002a; 2002b) prior study with practicing teachers. Part I of the survey
instrument focused on PSMTs’ conceptions of proof in mathematics and in teaching
mathematics. For example, PSMTs were asked to describe the purpose of proof in mathematics
as well as reasons for teaching proof. In Part II of the survey, PSMTs’ evaluated 10 studentgenerated arguments across 5 different statements. The five statements varied in difficulty, and
included claims from geometry, algebra (problem solving and symbolic manipulation),
elementary number theory, and infinite geometric series. Finally, in Part III of the survey
instrument, PSMTs were asked to select arguments from Part II they felt were most helpful for
students working on each of the 5 different statements and provide an explanation for their
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choice(s). The survey questions are included in Appendix 1 and a description of the survey
development can be found in Lesseig et al. (2019).
Data Analysis
The data analysis for this study occurred in two distinct phases, which we describe in
turn. In Phase One, we engaged in iterative coding cycles to analyse the complete set of survey
data. Phase Two analysis consisted of within and across case comparisons (Yin, 2014).
Phase One began with the Australian and US researchers separately analysing responses
of the PSMTs from their own respective countries to the questions in Part I of the survey
instrument. Initially, the researchers analysed the data with a priori codes drawn from literature
pertaining to each question. For example, VERIFY, EXPLAIN, SYSTEMATISE, DISCOVER,
and COMMUNICATE adapted from de Villiers (1990) were used for Question 1. For Question
2, we created codes to align with the essential proof understandings in Lesseig’s (2016) MKT for
proof framework (e.g., LOGIC, THEOREM, GENERAL). After this first pass, the two
researchers met virtually to discuss themes and refined codes to incorporate additional ideas that
emerged. For example, we added codes for BUILD UNDERSTANDING and ASSESS
UNDERSTANDING for questions 1 and 4 and removed codes that were not applicable to certain
questions.
Coding for Parts II and III of the survey followed a similar progression, with the
researchers first reading all of the responses from PSMTs in their respective countries and then
meeting to discuss themes and categories that emerged. While many of the responses included
statements related to mathematical aspects of proof captured in the codes from Part I, PSMTs
also attended to features important to teaching such as the extent to which a proof was accessible
to students or used multiple representations. Additional codes (i.e., ACCESS, CLEAR,
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REPRESENT, CORRECT, COMPLETE) were developed to capture these pedagogical
considerations. Once agreeing upon these codes, the researchers independently coded all the data
from Parts II and III in which PSMTs were evaluating whether or not the 10 student-generated
arguments were valid proofs, along with which arguments they thought were most helpful to
students when teaching the respective five statements.
For Phase Two of our analysis, both researchers re-read the coded responses and
independently wrote summaries for each of the six cases. The researchers then met virtually to
review and discuss individual summaries, and created an overall summary of the cases. In
analysing case summaries the researchers looked for intersections and interactions among
components of MKT-P, paying particular attention to the extent to which PSMTs’ responses
seemed to come from a mathematical or pedagogical perspective. We also looked for ways in
which PSMTs’ responses were consistent across the three sections of the survey, highlighting
instances of seemingly contradictory responses for further investigation.
Findings
The identified participants appeared divided with regards to their expressed knowledge of
and orientations toward proof. Specifically, when asked about the role of proof in mathematics,
participants Quinn, Walter and Helen offered responses predominantly coded as EXPLAIN or
BUILD-U. Such responses provided insight as to why a proof statement is true (EXPLAIN) or
how such a statement builds mathematical understanding (BUILD-U). In contrast, responses
from participants Rose, Isaac and Kyle focussed generally on proof as a means of organising
results into a deductive system of axioms and theorems (SYSTEMATISE). While these were
not the only differences located within participants’ responses, we grouped participants
according to their responses to the first survey question (viz. What purpose(s) does proof serve in
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mathematics?) in order to elucidate key themes in the findings that follow. Our choice is not
meant to imply that participants’ beliefs related to the role of proof are necessarily more central
or deeply rooted. However, given the attention this construct has garnered in the proof literature
and research on mathematics teacher education (e.g., deVilliers, 1990; Knuth, 2002), we viewed
PSMTs’ responses to question one as a productive starting point to examine consistencies, or
what may appear to be inconsistencies, across responses. In short, this grouping provided an
opportunity to highlight the complexity of PSMTs’ knowledge, beliefs, and dispositions across
mathematical and pedagogical domains.
Foregrounding Proof as Explaining Why
Quinn, Walter and Helen focussed on the explanatory power of proof in their responses.
For instance, responses for the purpose of proof in mathematics included that proofs “serve to
show why certain mathematical principles hold true and how they hold true” (Quinn), “are meant
to convince others of something by justifying why it is true” (Walter), and they “explain and
provide evidence for mathematical ‘rules’” (Helen). At the same time, these participants’
responses were supported with statements of how proofs required the use and development of a
higher level of mathematical thinking. To illustrate, Walter expressed that “The ability to
communicate thinking/reasoning in writing both solidifies understanding and allows others to
view and critique the reasoning to solidify even more” and Quinn mentioned “Proofs are helpful,
especially to students that do not just memorize ideas well. They help to give students a full
understanding of concepts”.
Both Helen and Walter were fairly consistent in their emphasis on building understanding
throughout the survey. However, Helen also focussed on logical structure when evaluating which
arguments constituted proofs. Furthermore, Helen’s responses indicate that she is more open but
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less confident in her proof evaluations. For instance, Helen referenced her own experience
multiple times, providing some evidence that in her courses proof was rather formalistically
presented (e.g., proof lacked casual language or use of first person). Furthermore, and perhaps
because her previous experiences were limited in this way, Helen expressed uncertainty in
judging the visual proof – stating that although it made sense and was clear to her, she was
unsure if the inclusion of words and/or ‘rules’ to explain it was a requirement of proof. Helen
also tentatively accepted Beth’s argument as it was a “…very different format…” than what she
was used to. Despite using the word “examples” in the response to what makes an argument a
proof, when evaluating student arguments Helen made several references to the fact that proofs
needed to be general and examples were insufficient. These claims are consistent with Helen’s
complete response that a proof involved “using an example, reasoning, and arriving logically at
the conclusion.”
Walter’s proof evaluations remained consistent with a more informal or social view of
proof. To illustrate, Walter accepted Andrew’s paper tearing as a proof and in fact recommended
showing all 3 triangle proofs, stating that it is important for students to see that there are multiple
ways to prove something. While Walter stated that Kelly’s visual is a not a proof, the reason
provided is that it “…doesn’t contain a statement clarifying that the entire square represents 1”.
Consistent with his answer to what makes an argument a proof, Walter highlighted logic in his
acceptance of proof and did not discount proofs lacking formal structure (to the contrary he made
explicit statements like “even though it is not as formal it is still a proof…”. The predominant
characteristic Walter focused on when selecting proofs to share in class was their potential to
build student understanding. This rationale is evidenced in Walter’s selection of both Kelly and
Jisoo’s proofs because “Seeing multiple ways to think about something and then finding
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connections among different representations is a key part in developing understanding,” as well
in other responses that seeing non-examples can deepen understanding and help clear up student
misconceptions.
On the other hand, Quinn’s responses appeared more contradictory or mixed. For
instance, Quinn stated that the purpose of proof was to build understanding, but his statement
about what makes an argument a proof and his subsequent evaluation of proofs were closer to the
other group (i.e., he attended more to logic and aligned with a formalistic view). Then when
choosing arguments to present, he reverted back to valuing understanding and offered more
student-centered justifications. Based on the direct question of what constitutes a proof, Quinn
appears to have a rigid or elevated image of proof as means of systemization (i.e., it must
“change our knowledge base”). However, Quinn’s response to the purposes of proof in
mathematics tended more toward proof’s role in building understanding.
For his proof evaluations, Quinn did not accept Kelly’s argument (and specifically stated
that it was only a graphical interpretation of the problem and cannot constitute a proof). Quinn’s
rationales for choosing proofs to share with students align more closely with his first response of
the purpose of proof to “help to give students a full understanding of concepts”. For example,
despite admitting that he would rather work with the numbers, Quinn chose Kelly’s argument
because “Kelly’s visual would help students conceptualize the idea better”. Quinn chose
Andrew’s argument as helpful even though he identified this as “a compelling argument” but not
a valid proof. For some of the arguments, Quinn noted that the proof lacked generality, which
loosely supports his previous claim about requiring a substantial amount of evidence. In sum,
despite valuing the explanatory role of proof in his response to Q1, Quinn, who was in his first
year of his preparatory program, also held more formalistic views of proof that materialized in
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his subsequent evaluations of student arguments. These evaluation criteria, however, were not
necessarily consistent with what he attended to when selecting arguments to present to students.
Foregrounding Proof as Systemization
Rose, Isaac and Kyle primarily focused on systemization in describing the purpose of
proof and what makes something a proof. For instance, Isaac stated that the purpose of proof is
to demonstrate “understanding of the logical reasoning and steps for a solution; provides a basis
for statements which can be later taken as true”. Rose offered a formalistic and empowering view
of the purpose of proof (defined as a step-by-step logical argument based on accepted
statements), asserting
Proof serves to create a logical, functional pathway from one piece or set of information
to a different piece of set of information. Once this pathway has been justified, it is no
longer necessary to begin with the original information to connect further pathways, one
can begin with the conclusion of the finished proof and apply it to other situations that
satisfy the initial conditions.
Rose’s other responses did not always follow this formalistic view whereas Isaac and Kyle’s
generally did. And while both Isaac and Kyle accepted generic proof examples and favored
Beth’s toothpick argument, they seemed to do so because these proofs were clear and/or correct.
Rose initially focussed on systematisation (once established you can continue to build off
ideas) in describing the purpose of proof and what makes something a proof. In determining
which student arguments were valid proofs, Rose demonstrated a strong grasp of content
knowledge and consistently attended to generality and clarity. But in the questions that required
elicitation of a pedagogical perspective (i.e., why teach proof and which proofs should be shared
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with students), Rose highlighted other roles of proof including to explain why and to build
understanding. For example, Rose’s reasons for teaching proof indicate that she views proof as
empowering, wherein students who understand proof can “…break free from memorization and
exercise agency in problem-solving, which supports the ultimate goal of independent learning”.
Rose averred that visual proof is not personally convincing (but did not rule out the possibility
that pictorial proofs can be valid) and, in fact, maintained that such a visual example should be
included in any lesson to help students understand what is happening with the geometric infinite
series. This suggestion provides further evidence of Rose valuing student understanding and
explaining why, as does her choice to use Anny’s argument with students (because it is the most
“conceptually helpful”) even though she recognized it as flawed. Similarly, Rose’s rationale for
sharing Beth’s work on the toothpick task (because the expression is clearly linked to the picture)
also highlighted the role of proof in building or deepening understanding.
In his first three responses, Isaac demonstrated a fairly sophisticated understanding of
proof as a process that establishes knowledge within an axiomatic system (i.e. proof is infallible
and provides basis for statements one can later take to be true) – as opposed to the less certain
truth status of theories and propositions. In addition to commenting on the generality (or lack of
in the case of Andrew and Zack’s arguments), Isaac focused on the logical reasoning and clarity
of the argument. Notably, Isaac accepted Minna’s generic example argument as a general proof
but did not accept Kelly’s visual proof. His reason for not considering this argument a proof was
rather vague, stating only that “the solution doesn't attempt to explain the infinite series,”
suggesting that the proof is incomplete. In deciding which arguments to present to students, Isaac
only chose those he deemed correct and complete proofs. The rationale Isaac gave for selecting
Mark’s as the most helpful argument for the triangle sum was typical, “Mark's argument is clear,
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complete and elegant”. Andrew's argument is not shown for the general case and Jane's argument
is not complete or particularly clear”. Interestingly, participants Helen and Kyle provided similar
explanations for choosing only Mark’s argument. However, Isaac did place more value on Beth’s
toothpick argument as the connection to the pictorial representation would be “more helpful to
integrate the geometric understanding with the mathematical expression of the solution,”
suggesting some attention to pedagogical affordances for building understanding.
Overall Kyle’s responses were quite brief and relatively standard (e.g., “proof uses
known theorems in logical sequence to demonstrate truth of a statement”). His reason for
teaching proof, that it provides students with the concept of deductive reasoning, is consistent
with criteria he later used to evaluate arguments. Specifically, Kyle accepted Minna’s generic
example proof because “even though a specific number has been used it is clear the deductions
would apply to any number”. But he did not accept Kelly’s visual proof for a similar reason,
stating that this argument has “no deductive reasoning”. In deciding which arguments to present
to students, Kyle also attended to the clarity of the argument as demonstrated by the fact that
even though he judged Anny’s argument as a proof he would not present it because it was
overcomplicated and there are “simpler ways to prove the result”.
Discussion
In this study, we attempted to make sense of PSMTs’ knowledge and beliefs about proof
and proof teaching by considering the multiple contexts in which PSMTs have interacted with
proof. This includes PSMTs’ previous encounters with proof as K-12 students as well as their
experiences within university mathematics and education courses. Our analysis revealed that: (1)
PSMTs’ knowledge of proof and proof teaching is multifaceted; and (2) PSMTs’ beliefs about
proof education are still evolving. Though clearly interrelated, we examine each of these themes
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in turn before discussing the implications these insights have for teacher preparation and for
future research.
Knowledge of Proof and Proof Teaching is Multi-faceted
The six cases presented here highlight the multi-faceted nature of PSMTs’ knowledge
and beliefs about proof and the teaching of proof. As reported in our earlier paper (Authors,
2019), and demonstrated in other recent studies (Harel & Sowder, 2007; Simon & Blume, 1996;
Stylianides & Stylianides, 2009), PSMTs’ have relatively strong common content knowledge
and were able to identify defining characteristics of proof (e.g., logical structure, based on
definitions or previously established axioms and theorems) as well as recognize the limitations of
empirical arguments. These same characteristics of proof, however, were not necessarily those
prioritized when making decisions about which arguments PSMTs might present to students.
Instead, alternative purposes of proof, including seeing proof as a means to communicate and
build student understanding, seem to guide choices. Specifically, PSMTs based their decisions
on the extent to which arguments were easy to follow, provided insight into why statements were
true, and included visual or other non-symbolic representations.
Looking across the cases, we found that PSMTs, notably those from the US and Helen
from Australia, were more loose in their selection of arguments that might be helpful to students
and more often than not suggested that multiple arguments should be presented. In their
rationales, PSMTs explicitly stated that presenting visual arguments and showing that there are
multiple ways to prove something would be very beneficial for student learning. Of note, Rose,
Walter, Quinn, and Isaac all made a decision to present Kelly’s visual argument even though
they explicitly stated that they did not believe it was a correct proof. Walter and Quinn even did
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so despite admitting that they did not find the visual mode of representation personally
convincing.
This tendency for PSMTs to think beyond the proof methods they themselves would use
or find most compelling demonstrates a marked shift toward knowledge needed for teaching
(Shulman, 1986). More specifically, we see this awareness as critically connected to the
development of specialized content knowledge of proof (Lesseig, 2016). While mere awareness
of the pedagogical importance of multiple representations or alternative argument structures is
not the same as having the knowledge and skills to produce them in a teaching situation, it seems
like a promising place to start.
Beliefs about Proof and Proof Teaching are Dynamic and Evolving
Rather than viewing PSMTs’ decisions as inconsistent, we can interpret their diverse
responses as evidence that PSMTs are in the process of developing a sensible belief system
(Leatham, 2006). The PSMTs in our study were in the middle of their respective preparation
programs wherein they are grappling with proof as learners in advanced mathematics courses
while perhaps simultaneously considering the argumentation and proof practices expected of
secondary students as portrayed in mathematics education coursework. Thus, it may seem like a
rather obvious statement to claim that PSMTs’ knowledge and beliefs about proof are still
evolving. However, we think it is still worthy of attention, especially with regard to the differing
purposes of proof that were prominent within each of the three parts of the survey.
PSMTs’ beliefs about proof aligned with the range of roles of proof identified in prior
research with both practicing and preservice teachers (Knuth, 2002; Kotewala, 2016; Varghese,
2009). However, the purposes for proof PSMTs explicitly identified in response to Q1 did not
always coincide with those elicited in other parts of the survey. We can also make some tentative
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connections between PSMTs’ responses and their course-taking to date—though given the
limited data available we offer these ideas as purely speculative. Specifically, we note that Rose,
Isaac, and Kyle, the three participants who predominantly focused on systemization in their first
response, reported taking the most mathematics courses (10+ each) and may have been drawing
on more formalistic approaches to proof presented in advanced mathematics courses. To explain
the fact that Rose later evidenced a wider range of beliefs about the purpose of proof, including
its role in building understanding, we note that she had been in her respective teacher preparation
program for a longer period of time and may have had more education coursework and/or was
just better able to integrate the ideas given this longer time.
The diversity in our cases also helps highlight how and why a robust understanding of
each role of proof (e.g., to verify, systematize, explain, build understanding) is critical – as
PSMTs draw upon or implicate different purposes for proof in different situations. Unlike in the
artificial survey context, in teaching practice, these situations are not so clearly delineated.
Strong knowledge of proof and a view that recognizes proof’s infallible nature supports teachers’
ability to determine whether a student’s argument proves the general case, while a conception
that includes the explanatory and commutative roles of proof is helpful when that same teacher
then needs to decide what to do next to advance student understanding. Importantly, PSMTs
need to hold these views in complementary rather than isolated fashion. This idea leads to our
suggestions and implications for teacher preparation.
Implications
PSMTs’ belief system about proof and the purpose for proof is still evolving.
Mathematics teacher educators need to not only be aware of PSMTs’ emerging beliefs, but more
importantly, they need to help PSMTs integrate their beliefs about proof garnered from advanced
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mathematics courses with beliefs about teaching. These two sets of beliefs have often been
developed in isolation. However, our conception of MKT for proof demands that these
sometimes disparate ideas be more fully integrated in order for PSMTs to make productive inthe-moment decisions during proof teaching. This integration happens through explicit
discussions about the multiple purposes of proof coupled with authentic opportunities for PSMTs
to engage in and reflect on experiences that integrate content and pedagogical knowledge.
Productive activities for PSMTs include evaluating student arguments and crafting appropriate
instructional responses, collaborative lesson planning around a proof task one might implement
with secondary students, or practicing multiple ways to prove concepts typically encountered in
the secondary curricula.
It will take a concerted effort on the part of mathematics and mathematics education
faculties working together to prepare PSMTs for proof instruction. In those mathematics courses
not unique to education majors, instructors might still encourage multiple proof representations
and provide opportunities for students to more actively contribute to proof construction (rather
than merely observing a lecture wherein the instructor recreates formal, polished proofs). More
importantly, we urge all instructors to allow time for students to reflect on the pedagogical value
of various forms or methods of proof. Such reflection could be provoked by prompts such as:
“What about this proof was convincing to you?”, or “What types of arguments might you use to
convince someone else (including someone who may have less fluency with particular
mathematical concepts or notations)?”
Conclusion
This study explored PSMTs’ knowledge and beliefs about proof and proof teaching in the
US and Australia through a consideration of the multiple contexts in which PSMTs have
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interacted with proofs. The six cases were drawn from the entire data set of a larger study which
examined principally how PSMTs in the US and Australia conceived of proof and proof
teaching. Our findings reveal that PSMTs’ knowledge and beliefs about both proof and proof
teaching are multifaceted, dynamic and evolving. In light of these findings, the authors suggest
that teacher educators avoid making any assumptions that a particular mathematical view will be
replicated in pedagogical situations, and instead to ask PSMTs proof questions that elicit
multiple perspectives. In addressing prevalent beliefs about proof, and by presenting different
viewpoints (e.g. in pedagogical and purely mathematical situations), teacher educators can
address any limited conceptual understandings and contribute meaningfully to PSMTs’
development of a sensible belief system (Leatham, 2006).
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Appendices
Appendix 1: Questions for Survey Parts I, II and III.
Main Questions
Part I

Sub-questions

What purpose(s) does proof
serve in mathematics?
What makes an argument
proof?
Do you think that proof
should be taught to students?
If proof is to be taught to
students, what are your
reasons for teaching proof?
To what degree will you
plan lessons for fostering
students’ proof ability?

Likert of Agreement:
Strongly agree, Agree,
Disagree, Strongly disagree

Likert of Frequency: All the
time, Frequently, When opp.
arise, Rarely

What will be the constraints,
if any, on teaching proof?
Part IIa

Part IIIa

Evaluate 3 student
arguments attempting to
prove: The sum of the
angles in any triangle is 180
degrees.

Is Andrew/Mark/Jane’s
argument a proof? Y or N.
Please elaborate on why you
said yes or no (for each
argument).

Which of these arguments
(if any) is most helpful for a

Explain your answer.
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group of students working
on the sum of the angles in
any triangle?
Part IIb

Part IIc

Evaluate 1 student argument
attempting to prove: If the
sum of digits of a whole
number is divisible by 3,
then the number itself is
divisible by 3.

Is Minna’s argument a
proof? Y or N.

Evaluate 2 student
arguments attempting to
prove:

Is Kelly/Jisoo’s argument a
proof? Y or N.
Please elaborate on why you
said yes or no (for each
argument).

12+14+18+⋯=1
Part IIIc
Which of these arguments
(if any) is most helpful for a
group of students working
on infinite geometric
sequences and series?
Part IId

x + ax = (x + a ) − (a )
2 2

2 2

Part IIId

Which of these arguments
(if any) is most helpful for a
group of students working
on the proof problem?
Part IIe

Part IIIe

Explain your answer.

Is Anny/Zack’s argument a
proof? Y or N.

Evaluate 2 student
arguments attempting to
prove:
2

Please elaborate on why you
said yes or no.

Evaluate 2 student
arguments attempting to
prove: 3n+1 can be used to
represent the total number of
toothpicks needed to
construct the pattern for n
squares (connected, in a
row).

Please elaborate on why you
said yes or no (for each
argument).

Explain your answer.

Is Amy/Beth’s argument a
proof? Y or N.
Please elaborate on why you
said yes or no (for each
argument).

28

Which of these arguments
(if any) is most helpful for a
group of students working
on the proof problem?

Explain your answer.

